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Abstract
The diametral dimension, ∆(E), and the approximate diametral dimension, δ(E), of a
nuclear Fre´chet space E which satisfies DN and Ω, is related to power series spaces Λ1(ε)
and Λ∞ (ε) for some exponent sequence ε. In this article, we examine a question of whether
δ(E) must coincide with that of a power series space if ∆(E) does the same, and vice versa.
In this regard, we first show that this question has an affirmative answer in an infinite type
case by proving the fact that ∆(E) = ∆ (Λ∞(ε)) if and only if δ(E) = δ(Λ∞(ε)). Then
we consider the question in the finite type case and, among other things, we prove that
δ(E) = δ (Λ1(ε)) if and only if ∆(E) = ∆(Λ1(ε)) and E has a prominent bounded subset.
Keywords: Nuclear Fre´chet Spaces, Diametral Dimensions, Topological Invariants, Prominent Bounded
Subsets
2010 Mathematics Subject Classification. 46A04, 46A11, 46A63.
1 Introduction
Power series spaces constitute an important and well studied class in the theory of Fre´chet spaces.
Linear topological invariants DN and Ω are enjoyed by many natural nuclear Fre´chet spaces appearing
in analysis. In particular, spaces of analytic functions, solutions of homogeneous elliptic linear partial
differential operators with their natural topologies have the properties DN and Ω, see [13] and [15].
Let E be a nuclear Fre´chet space which satisfies DN and Ω. Then it is a well known fact that the diametral
dimension ∆(E) and the approximate diametral dimension δ(E) of E is related to power series spaces
Λ1(ε) and Λ∞ (ε) for some exponent sequence ε. In particular, if diametral dimension or approximate
diametral dimension of E coincides with that of a power series space, then significant structural results
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were obtained. For example, in [3], Aytuna et al. proved that a nuclear Fre´chet space E with the
properties DN and Ω contains a complemented copy of Λ∞ (ε) provided the diametral dimensions of E
and Λ∞ (ε) are equal and ε is stable. On the other hand, Aytuna [5] characterized tame nuclear Fre´chet
spaces E enjoying the properties DN and Ω provided δ(E) = δ(Λ1(ε)). These results yield us to ask the
following question:
Question 1.1. Let E be a nuclear Fre´chet space with the properties DN and Ω. If diametral dimension of
E coincides with that of a power series space, then does it imply that the approximate diametral dimension
is also do the same and vice versa?
This article is concerned around this question and the layout is as follows:
In Section 2, we give some preliminary materials. Then in Section 3, we show that Question 1.1 has
an affirmative answer when the power series space is of infinite type. In our final section, we search
an answer for the Question 1.1 in finite type case and, in this regard, we first prove that the condition
δ (E) = δ (Λ1 (ε)) always implies ∆ (E) = ∆ (Λ1 (ε)). Then, for other direction, we examine the existence
of a prominent bounded subset of a nuclear Fre´chet space which plays the a decisive role for the answer
of Question 1.1 in this direction. Among other things, we prove that E has a prominent bounded set and
∆ (E) = Λ1 (ε) if and only if δ (E) = δ (Λ1 (ε)).
2 Preliminaries
In this section, after establishing terminology and notation, we collect some basic facts and definitions
that we need them in the sequel.
We will use the standard terminology and notation of [13] and [12]. Throughout in the present arti-
cle, E will denote a nuclear Fre´chet space with an increasing sequence of seminorms (‖.‖k)k∈N and the
local Hilbert spaces corresponding to the norm ‖·‖k will be denoted by Ek.
For a Fre´chet space E, U (E), B (E) will denote the class of all neighborhoods of zero in E and the class
of all bounded sets in E, respectively. If U and V absolutely convex sets of E and U absorbs V , that is
V ⊆ CU for some C > 0, and L is a subspace of E, then we set;
δ (V,U, L) = inf {t > 0 : V ⊆ tU + L} .
The nth Kolmogorov diameter of V with respect to U is defined as;
dn (V,U) = inf {δ (V,U, L) : dimL ≤ n} n = 0, 1, ....
and the diametral dimension of E is defined as;
∆ (E) =
{
(tn)n∈N : ∀ U ∈ U (E) ∃ V ∈ U (E) limn→∞ tndn (V,U) = 0
}
=
⋂
U∈U(E)
⋃
V ∈U(E)
∆ (V,U)
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where ∆ (V,U) =
{
(tn)n∈N : limn→∞ tndn (V,U) = 0
}
. Let U1 ⊃ U2 ⊃ · · · ⊃ Up ⊃ · · · be a base of
neighborhoods of Fre´chet space E. Diametral dimension can be represented as
∆ (E) =
{
(tn)n∈N : ∀p ∈ N ∃ q > p limn→∞ tndn (Uq, Up) = 0
}
.
Demeulenaere et al.[8] showed that the diametral dimension of a nuclear Fre´chet space can also be
represented as;
∆ (E) =
{
(tn)n∈N : ∀ p ∈ N ∃ q > p+ 1 sup
n∈N
|tn| dn (Uq, Up) < +∞
}
.
The approximate diametral dimension of a Fre´chet space E is defined as;
δ (E) =
{
(tn)n∈N : ∀ U ∈ U (E) ∀ B ∈ B (E) limn→∞
tn
dn (V,U)
= 0
}
=
⋃
U∈U(E)
⋃
B∈B(E)
δ (B,U)
where δ (B,U) =
{
(tn)n∈N : limn→∞
tn
dn (B,U)
= 0
}
. For a Fre´chet space E with the base of neighborhoods
U1 ⊃ U2 ⊃ · · · ⊃ Up ⊃ · · · , approximate diametral dimension can be represented as;
δ (E) =
{
(tn)n∈N : ∃p ∈ N ∀ q > p limn→∞
tn
dn (Uq, Up)
= 0
}
.
Let E and G be two Fre´chet spaces and U and V be absolutely convex two subsets of space E such that
V ⊆ rU for some r > 0. If there is a linear map T : E → G and T (V ) ⊆ RT (U) for some R > 0, then
for all n ∈ N
dn (T (V ) , T (U)) ≤ dn (V,U)
holds and so it follows that if F is a subspace or a quotient of E, then ∆ (E) ⊆ ∆ (F ) and δ (F ) ⊆ δ (E).
Hence diametral dimension and approximate diametral dimension are closed under isomorphism, in other
words, these are linear topological invariants. For the proof of these and for additional properties of the
diametral dimension/approximate diametral dimension, we refeer the reader to [7] and [14].
The properties of the canonical topology on diametral dimension of a nuclear Fre´chet space:
Let E be a nuclear Fre´chet space. Then the diametral dimension
∆ (E) =
{
(tn)n∈N : ∀ p ∈ N ∃q ≥ p+ 1 limn→∞ tndn (Uq, Up) = 0
}
=
⋂
p∈N
⋃
q∈N
∆ (Uq, Up)
is the projective limit of inductive limits of Banach spaces ∆ (Uq, Up). Hence ∆(E) is a topological space
with respect to that topology which is called as the canonical topology. Furthermore, ∆(E) is of the form
weighted PLB-spaces of continuous functions. Indeed, for fixed p, q ∈ N, {dn (Uq, Up)}n∈N is considered
as the image of a continuous function Tp,q : N→ R defined by Tp,q (n) = dn (Uq, Up) where N is equipped
with discrete topology as a locally compact and σ-compact topological space. Then, for each p, q,
∆ (Uq, Up) =
{
(tn) : lim
n→∞ tndn (Uq, Up) = 0
}
= {(tn) ∈ C (N) : tnTp,q (n) vanishes at ∞ on N} = C(Tp,q,0) (N)
is a weighted Banach space of continuous functions. Since dn (Uq+1, Up) ≤ dn (Uq, Up) ≤ dn (Uq, Up+1)
for all n ∈ N, the matrix (Tp,q)(p,q∈N) =
(
d(·) (Uq, Up)
)
p,q∈N of a double sequence of weights increases
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with respect to the first indices and decreases with respect to the second indices. Therefore, ∆ (E) is of
the form weighted PLB-spaces of continuous functions projpindq>p C(Tp,q,0) (N), as desired.
The local convex topological properties of weighted PLB-spaces of continuous functions can be found in
[1]. In particular, the following theorem gives an information about the canonical topology of diametral
dimension ∆ (E) and it is a direct consequence of Theorem 3.7 of [1].
Theorem 2.1. Let E be a Fre´chet space. The following conditions are equivalent:
1. ∆ (E) is ultrabornological with respect to the canonical topology.
2. ∆ (E) is barrelled with respect to the canonical topology.
3. ∆ (E) satisfies condition (wQ):
∀N ∃ M,n ∀K,m, ∃ k, S > 0 : min (dn (Un, UN ) , dn (Uk, UK)) ≤ Sdn (Um, UM ) ∀n ∈ N.
Power series spaces form an important family of nuclear Fre´chet spaces and they play an significant role
in this article. Let α = (αn)n∈N be a non-negative increasing sequence with limn→∞αn = +∞. Power series
space of finite type is defined by
Λ1 (α) :=
{
x = (xn)n∈N : ‖x‖k :=
∞∑
n=1
|xn| e− 1kαn < +∞ for all k ∈ N
}
and power series space of infinite type is defined by
Λ∞ (α) :=
{
x = (xn)n∈N : ‖x‖k := sup
n∈N
|xn| ekαn < +∞ for all k ∈ N
}
.
Power series spaces are actually Fre´chet spaces equipped with the seminorms (‖.‖k)k∈N. For diametral
dimension and approximate diametral dimension of power series space, the following equations
∆ (Λ1 (α)) = Λ1 (α) , ∆ (Λ∞ (α)) = Λ∞ (α)
′
and δ (Λ∞ (α)) = Λ∞ (α)
hold.
Other linear topological invariants that are used in this article are DN and Ω invariants.
Definition 2.2. A nuclear Fre´chet space E is said to have the property DN and Ω when the following
conditions hold:
(DN) : There exists a p ∈ N such that for each k > p, an n > k, 0 < τ < 1 and a C > 0 exist with
‖x‖k ≤ C ‖x‖1−τp ‖x‖τn for all x ∈ E.
(Ω) : For each p ∈ N, there exists a q > p such that for every k > q there exists a 0 < θ < 1 and a
C > 0 with
‖y‖∗q ≤ C‖y‖∗
1−θ
p ‖y‖∗
θ
k for all y ∈ E
′
,
where
‖y‖∗k := sup {|y (x)| : ‖x‖k ≤ 1} ∈ R ∪ {+∞}
is called the gauge functional of U◦k for Uk = {x ∈ E : ‖x‖k ≤ 1}.
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We end this section by recalling the following result which gives a relation between diametral dimen-
sion/approximate diametral dimension of a nuclear Fre´chet spaces with the properties DN , Ω and power
series spaces Λ1 (ε) and Λ∞ (ε) for some exponent sequence ε.
Proposition 2.3. [Proposition 1.1, [3] ] Let E be a nuclear Fre´chet space with the properties DN and
Ω. There exists an exponent sequence (unique up to equivalence) (εn) satisfying:
∆ (Λ1 (ε)) ⊆ ∆ (E) ⊆ ∆ (Λ∞ (ε)) .
Furthermore, Λ1 (α) ⊆ ∆ (E) implies Λ1 (α) ⊆ Λ1 (ε) and ∆ (E) ⊆ Λ′∞ (α) implies Λ′∞ (ε) ⊆ Λ
′
∞ (α).
The sequence ε is called the associated exponent sequence of E. The exponent sequence ε associated to
E contains a lot of information about the structure of E. We note that Λ∞(ε) is always nuclear provided
E is nuclear, but it may happen that Λ1(ε) is not nuclear. Throughout this article, we assume Λ1(ε) is
nuclear for associated exponent sequence ε of a nuclear Fre´chet space E. In the proof of Proposition 1.1,
Aytuna et al. showed that there is an exponent sequence (unique up to equivalence) (εn) such that for
each p ∈ N and q > p, there exist C1, C2 > 0 and a1, a2 > 0 satisfying C1e−a1εn ≤ dn (Uq, Up) ≤ C2e−a2εn
for all n ∈ N. It also follows from this inequality that
δ (Λ∞ (ε)) ⊆ δ (X) ⊆ δ (Λ1 (ε)) .
3 Results in infinite case
The main result in this section is the following theorem which shows that Question 1.1 has an affirmative
answer when the power series space is of infinite type.
Theorem 3.1. Let E be a nuclear Fre´chet space with properties DN and Ω and ε = (εn)n∈N be the
associated exponent sequence of E. Then ∆ (E) = ∆ (Λ∞ (ε)) if and only if δ (E) = δ (Λ∞ (ε)) .
We first need the following lemma for the proof of Theorem 3.1. In [5], Aytuna proved that
δ (E) = δ (Λ1 (ε)) ⇔ inf
p
sup
q≥p
lim sup
n∈N
εn (p, q)
εn
= 0 (3.1)
for a nuclear Fre´chet space E with the properties DN and Ω and its associated exponent sequence ε.
The same characterization can be given for infinite type power series spaces as follows:
Lemma 3.2. Let E be a nuclear Fre´chet space with properties DN and Ω and ε = (εn)n∈N be the
associated exponent sequence of E. Then
δ (E) = δ (Λ∞ (ε)) ⇔ inf
p∈N
sup
q>p
lim inf
n∈N
εn (p, q)
εn
= +∞
where εn (p, q) = − log dn (Uq, Up).
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Proof. Approximate diametral dimension δ (E) can be written as
δ (E) =
⋃
p
⋂
q≥p
δpq
where δpq =
{
(tn)n∈N : sup
n∈N
|tn|
dn (Uq, Up)
< +∞
}
is a Banach space with norms |tn|pq = sup
n∈N
|tn|
dn (Uq, Up)
.
Namely, approximate diametral dimension can be equipped with the topological inductive limit of Fre´chet
spaces. Then, the approximate diametral dimension with this topology is barrelled. On the other hand,
the inclusion δ (E) ⊆ δ (Λ∞ (ε)) = Λ∞ (ε) gives us that the identity i : δ (E)→ Λ∞ (ε) has a closed graph.
But then since δ (E) is barrelled, by using Theorem 5 of [11], we can say that the identity is continuous.
Therefore,
δ (E) =
⋃
p
⋂
q≥p
δpq ↪→ Λ∞ (ε) is continuous ⇔ ∀p
⋂
q≥p
δpq ↪→ Λ∞ (ε) is continuous
⇔ ∀p ∀R > 1 ∃q ≥ p, C > 0 sup
n∈N
|tn|Rεn ≤ C sup
n∈N
|tn|
dn (Uq, Up)
∀ (tn) ∈ δ (E)
⇔ ∀p ∀R > 1 ∃q ≥ p, C > 0 Rεn ≤ C
dn (Uq, Up)
∀n ∈ N
⇔ ∀p ∀R > 1 lnR ≤ sup
q≥p
lim inf
n∈N
εn (p, q)
εn
⇔ ∀p sup
q≥p
lim inf
n∈N
εn (p, q)
εn
= +∞ ⇔ inf
p∈N
sup
q≥p
lim inf
n∈N
εn (p, q)
εn
= +∞.
Now since δ (E) ⊇ δ (Λ∞ (ε)) always holds, for associated exponent sequence of E, we have
δ (E) = δ (Λ∞ (ε)) ⇔ inf
p∈N
sup
q≥p
lim inf
n∈N
εn (p, q)
εn
= +∞,
as desired.
Proof of Theorem 2.1 ⇐: Let us assume that δ (X) = δ (Λ∞ (ε)). By Lemma 3.2, inf
p∈N
sup
q>p
lim inf
n∈N
εn (p, q)
εn
=
+∞. Then we have
∀p ∀M > 0 ∃q ≥ p lim inf
n∈N
εn (p, q)
εn
≥M
and
∀p ∀M > 0 ∃q ≥ p dn (Uq, Up) ≤ e−Mεn ∀n ∈ N (∗) .
Now, if we take (xn)n∈N ∈ ∆ (Λ∞ (ε)), then there exists a S > 0 such that sup
n∈N
|xn| e−Sεn < +∞ which
means that there exists a C > 0 such that for every n ∈ N
|xn| ≤ CeSεn .
Now, for fix p and the number S, from (∗) we can find a q ≥ p such that for every n ∈ N
|xn| dn (Uq, Up) ≤ CeSεne−Sεn = C.
Then (xn)n∈N ∈ ∆ (E) and so ∆ (Λ∞ (ε)) ⊆ ∆ (E). But then since we always have ∆ (E) ⊆ ∆ (Λ∞ (ε)),
we obtain ∆ (E) = ∆ (Λ∞ (ε)) .
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⇒: Assume ∆ (E) = ∆ (Λ∞ (ε)) and δ (E) 6= δ (Λ∞ (ε)) .
δ (E) 6= δ (Λ∞ (ε)) ⇔ ∃p sup
q≥p
lim inf
n∈N
εn (p, q)
εn
< +∞
⇔ ∃p ∃M > 0 sup
q≥p
lim inf
n∈N
εn (p, q)
εn
≤M
⇔ ∃p ∃M > 0 ∀q ≥ p lim inf
n∈N
εn (p, q)
εn
≤M
⇔ ∃p ∃M > 0 ∀q ≥ p ∃Iq ⊆ N dn (Uq, Up) ≥ e−Mε ∀n ∈ Iq
Now since ∆ (E) = ∆ (Λ∞ (ε)) = Λ∞ (ε)
′
=
{
(xn)n∈N : ∃R > 0 sup
n∈N
|xn| e−Rεn < +∞
}
, for everyR > 0,
we have eRεn ∈ Λ∞ (ε)′ = ∆ (E). Therefore, for the above p, we can find a q˜ > p, such that
sup
n∈N
eRεndn (Uq˜, Up) < +∞.
Then for every n ∈ Iq˜, we obtain
e(R−M)εn ≤ eRεndn (Uq˜, Up) ≤ sup
n∈N
eRεndn (Uq˜, Up) < +∞.
But then if we choose R > M , we have a contradiction. Hence ∆ (E) = ∆ (Λ∞ (ε)) implies δ (E) =
δ (Λ∞ (ε)), as desired. 
4 Results in finite case
In this section, we turn our attention to the finite type power series case and, as a main result, we prove
that Question 1.1 holds also true in that case if a nuclear Fre´chet space E has a prominent bounded
subset.
We begin this section by giving the following proposition which supports Question 1.1 in one direction.
Proposition 4.1. Let E be a nuclear Fre´chet space with properties DN and Ω and ε = (εn)n∈N be the
associated exponent sequence of E. Then δ (E) = δ (Λ1 (ε)) implies ∆ (E) = ∆ (Λ1 (ε)).
Proof. Let us assume that δ (E) = δ (Λ1 (ε)). From Corollary 1.10 of [5], we have
δ (E) = δ (Λ1 (ε)) ⇔ inf
p
sup
q≥p
lim sup
n∈N
εn (p, q)
εn
= 0
⇔ ∀r > 0 ∃p ∀q ≥ p lim sup
n∈N
εn (p, q)
εn
≤ r
⇔ ∀r > 0 ∃p ∀q ≥ p ∀n ∈ N dn (Uq, Up) ≥ e−rεn .
Now, we take (xn)n∈N ∈ ∆ (E), for the above p, we find a q˜ > p such that
sup
n∈N
|xn| dn (Uq˜, Up) < +∞
and from the above inequality, we obtain
sup
n∈N
|xn| e−rεn ≤ sup
n∈N
|xn| dn (Uq˜, Up) < +∞
which means that (xn)n∈N ∈ ∆ (Λ1 (ε)) and so ∆ (E) ⊆ ∆ (Λ1 (ε)). But then since ∆ (E) ⊇ ∆ (Λ1 (ε)),
we have ∆ (E) = ∆ (Λ1 (ε)) .
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Theorem 4.2. Let E be a nuclear Fre´chet space with properties DN and Ω and ε = (εn)n∈N be the
associated exponent sequence of E. If ∆ (E) with the canonical topology is barrelled, then ∆ (E) =
∆ (Λ1 (ε)) if and only if δ (E) = δ (Λ1 (ε)).
Proof. The proof of the necessity part follows from Proposition 4.1. To prove the sufficiency part, let
∆ (E) = ∆ (Λ1 (ε)) and ∆ (E) with the canonical topology be barrelled. Then since the convergence in
∆ (E) is equivalent to the coordinate-wise convergent, the inclusion ∆ (E) ↪→ Λ1 (ε) has a closed graph.
But then since ∆ (E) is barrelled, the inclusion map ∆ (E) ↪→ Λ1 (ε) is continuous by Theorem 5 in [11].
On the other hand, knowing the fact that ∆ (E) is the projective limit of inductive limits of Banach
spaces
⋂
p∈N
⋃
q≥p+1
∆ (Uq, Up), the continuity of the inclusion map
⋂
p∈N
⋃
q≥p+1
∆ (Uq, Up) ↪→ Λ1 (ε) implies
that
⋃
q≥p+1
∆ (Uq, Up) ↪→ Λ1 (ε) is continuous for all p ∈ N. It gives us that for every p ∈ N, there exists
a q > p such that ∆ (Uq, Up) ↪→ Λ1 (ε) is continuous. Therefore, for all p ∈ N, there exists a q > p and a
C > 0 such that
sup
n
|xn|e−tαn ≤ C sup
n∈N
|xn|dn (Uq, Up) ∀ (xn) ∈ ∆ (Uq, Up)
and for all n ∈ N
e−tαn ≤ C dn (Uq, Up)
holds. Then, we have inf
p∈N
sup
q>p
lim sup
n∈N
ε(p, q)
εn
= 0 and so δ (E) = δ (Λ1 (ε)), as desired.
It is worth the note that, by Theorem 2.1, the barrelledness of the canonical topology of ∆ (E) is equivalent
to satisfy the following condition (wQ):
∀N ∃ M,n ∀K,m, ∃ k, S > 0 : min (dn (Un, UN ) , dn (Uk, UK)) ≤ Sdn (Um, UM ) ∀n ∈ N.
But determining the barrelledness of ∆(E) is not easy, in practice.
In the proof of Theorem 4.2, barrelledness of ∆(E) is just used to have an imbedding from ∆(E) into
Λ1(α). But actually if we could find a Fre´chet subspace F of ∆(E), then automatically we obtain an
imbedding F ↪→ Λ1(α) and Theorem 4.2 can be handled without barrelledness condition. With this in
mind, in the following proposition we constitute the following diameter condition
A condition: ∀ p, ∀ q > p, ∃ s > q, ∀k > s, ∃C > 0 dn (Uq, Up) ≤ Cdn (Uk, Us) ∀n ∈ N.
on E to construct such a Fre´chet space F of ∆(E).
Proposition 4.3. Let E be a nuclear Fre´chet space with the properties DN and Ω and ε be associated
exponent sequence of E. If E satisfies the condition A and ∆ (E) = ∆ (Λ1 (ε)), then δ (E) = δ (Λ1 (ε)).
Proof. Suppose that E satisfies the condition A and ∆ (E) = ∆ (Λ1 (ε)). If δ (E) 6= δ (Λ1 (ε)), then from
Corollary 1.10 of [5] we have the following condition:
∃M > 0 ∀p ∃qp > p, Ip ⊆ N dn (Uq, Up) < e−Mεn ∀n ∈ Ip (4.1)
For p=1, there exists a number q1 and an infinite subset I1 so that for all n ∈ I1
dn (Uq, Up) < e
−Mεn ,
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and so it follows from the condition A that we have a number q2 such that for all k ≥ q2 there exists a
C > 0 so that for all n ∈ N
dn (Uq1 , U1) ≤ Cdn (Uk, Uq2)
holds. Then, from the inequality 3.1, there exists a number q3 and an infinite subset I2 so that for all
n ∈ I2
dn (Uq3 , Uq2) < e
−Mεn .
But then there exists a C1 > 0 so that for all n ∈ N
dn (Uq1 , U1) ≤ C1dn (Uq3 , Uq2)
holds. Now applying the same process for q2 and q3, we can find q4, q5 and C2 > 0 such that
dn (Uq3 , Uq2) ≤ C2dn (Uq5 , Uq4) ,
for all n ∈ N. Continuing in this way, we can find the sequences {qk}k∈N and {Ck}k∈N satisfying
dn (Uq1 , U1) ≤ C1dn (Uq3 , Uq2) ≤ C2dn (Uq5 , Uq4) ≤ · · · ≤ Ckdn
(
Uq2k+1 , Uq2k
) ≤ · · · (4.2)
for all n ∈ N. Moreover, for each k ∈ N, there exists a Ik ⊆ N so that
dn
(
Uq2k+1 , Uq2k
)
< e−Mεn (4.3)
for all n ∈ Ik.
Now, for each k ∈ N, we define
Bk =
{
x = (xn) : sup
n∈N
Ck|xn|dn
(
Uq2k+1 , Uq2k
)
< +∞
}
,
where Bk is a Banach space under the norm ‖x‖k = sup
n∈N
Ck|xn|dn
(
Uq2k+1 , Uq2k
)
for all k ∈ N. By the
inequality 3.2, we have Bk+1 ⊆ Bk and ‖ · ‖k ≤ ‖ · ‖k+1 for all k ∈ N. Then, we can define the projective
limit
⋂
k
Bk of these Banach spaces (Bk)k∈N. Since (qk)k∈N is strictly increasing and unbounded, for all
p ∈ N, there exists a k0 ∈ N such that q2k0 > p, this gives us Uq2k0 ⊆ Up and for all n ∈ N
dn
(
Uq2k0+1 , Up
) ≤ dn (Uq2k0+1 , Uq2k0 ) ,
which means that
⋂
k
Bk ⊆ ∆ (X). Moreover, the equality ∆ (X) = Λ1 (ε) yields an imbedding
⋂
k
Bk ⊆
Λ1 (ε). Then since
⋂
k
Bk and Λ1 (ε) are Fre´chet spaces and the imbedding map has a closed graph, by
Theorem 5 in [11], the imbedding map is continuous and so⋂
k
Bk ↪→ ∆ (Λ1 (ε)) is continuous ⇔ ∀t > 0 ∃k,C sup
n
|xn|e−tεn ≤ C sup
n∈N
|xn|dn
(
Uq2k+1 , Uq2k
)
∀ (xn) ∈
⋂
p
Bp
⇔ ∀t > 0 ∃k,C ∀n ∈ N e−tαn ≤ C dn
(
Uq2k+1 , Uq2k
)
.
But, this contradicts with the inequality 3.3. Therefore, δ (E) = δ (Λ1 (ε)) holds when ∆ (E) = ∆ (Λ1 (ε))
and the condition A holds.
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One could find other diameter conditions to generate a Fre´chet subspace of ∆ (E). For instance,
B condition: ∀ p ∀ q1, q2,..., qp, ∃ 1 ≤ s ≤ p, ∃C > 0 max
1≤i≤q
dn (Uqi , Ui) ≤ Cdn (Uqs , Us)
∀n ∈ N.
is another condition which gives a Fre´chet space F =
⋂
k
Dk whereDk =
{
x = (xn) : sup
n∈N
|xn| max
1≤i≤p
dn (Uqi , Ui) < +∞
}
,
and yields the following result:
Proposition 4.4. Let E be a nuclear Fre´chet space with the properties DN and Ω and ε be associated
exponent sequence of E. If E satisfies the condition A and ∆ (E) = ∆ (Λ1 (ε)), then δ (E) = δ (Λ1 (ε)).
The proof of Proposition 4.4 is very similar to the proof of Proposition 4.3 and left to the reader.
On the other hand, in some certain cases, e.g. having a prominent subset, it is sufficient a single bounded
subset B to get diametral dimension of a Fre´chet space.
Terziog˘lu [16] called an absolutely convex bounded subset B of a Fre´chet space E as a prominent set if
lim
n→+∞xndn (B,Up) = 0 for every p implies (xn) ∈ ∆ (E). If E has a prominent set B, then we have
∆ (E) =
{
(xn)n∈N : ∀p, limn→+∞xndn (B,Up) = 0
}
,
and obviously ∆ (E) has a natural Fre´chet space topology. Terziog˘lu also gave a necessary and sufficient
condition for a bounded subset to be prominent [ Proposition 3, [15]]: B is a prominent set if and only
if for each p there is a q and C > 0 such that
dn (Uq, Up) ≤ Cdn (B,Uq)
hold for all n ∈ N.
In the following proposition, we prove that having a prominent bounded subset is closely related to
Bessaga’s basis free version of Dragilev condition D2.
D2 : ∀p ∃q ≥ p+ 1 ∀k ≥ q + 1 lim
n→∞
dn (Uq, Up)
dn (Uk, Uq)
= 0.
Proposition 4.5. Let E be a nuclear Fre´chet space. The following are equivalent:
1. E has a prominent bounded set B.
2. E has the property D2.
3. For all p there exists q > p such that sup
l≥q
lim sup
n∈N
εn (q, l)
εn (p, q)
≤ 1 holds.
We need the following lemma for the proof of Proposition 4.5.
Lemma 4.6. Let E be a nuclear Fre´chet space. Then for all p, q > p there is a s > q such that
lim
n→+∞
dn (Us, Up)
dn (Uq, Up)
= 0.
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Proof. Let E be a nuclear Fre´chet space and p, q > p. Then since nuclear Fre´chet spaces are Schwartz,
there is a number k > p such that Uk is precompact with respect to Up and so the canonical inclusion
map ikp : Eq → Ep is compact.
Now assume that k ≥ q, then Uk ⊆ Uq and there exists a s ≥ k so that isk : Es → Ek is compact. Then
it follows from Proposition 1.2 given in Demeulenaere et al. [8],
lim
n→+∞
dn (Us, Up)
dn (Uk, Up)
= 0
and since Uk ⊆ Uq, dn (Uk, Up) ≤ dn (Uq, Up) for all n ∈ N. Hence we get
lim
n→+∞
dn (Us, Up)
dn (Uq, Up)
= 0.
If now q ≥ k, then the map iqp : Eq → Ep is compact, since iqp = iqk ◦ ikp and ikp is compact. On the other
hand, there exists a s¯ satisfying s¯ > q and is¯q : Es¯ → Eq is compact. Again from Proposition 1.2 of [8],
we have
lim
n→+∞
dn (Us¯, Up)
dn (Uq, Up)
= 0.
Therefore,
∀p, q > p ∃s > q, lim
n→+∞
dn (Us, Up)
dn (Uq, Up)
= 0,
as desired
We are now ready to give the proof of Proposition 4.5.
Proof of Proposition 4.5 1 ⇒ 2 : Let E be a nuclear Fre´chet space with a prominent bounded subset B
and p ∈ N. Then there is a q > p and C1 > 0 such that
dn (Uq, Up) ≤ C1dn (B,Uq) ∀n ∈ N.
Then it follows from Lemma 4.6 that, for all k > q, there exists a l > k satisfying
lim
n→+∞
dn (Ul, Uq)
dn (Uk, Uq)
= 0.
Since B is bounded, there exists a C˜, C2 > 0 so that B ⊆ C˜Ul and
dn (Uq, Up) ≤ C1dn (B,Uq) ≤ C2dn (Ul, Uq) ∀n ∈ N.
Hence we obtain
sup
n∈N
dn (Uq, Up)
dn (Ul, Uq)
< +∞.
Then
lim
n→+∞
dn (Uq, Up)
dn (Ul, Uq)
dn (Ul, Uq)
dn (Uk, Uq)
= lim
n→+∞
dn (Uq, Up)
dn (Uk, Uq)
= 0.
which means that E satisfies the condition D2, as desired.
2⇒ 1 : Follows from Proposition 5 of [9].
2⇔ 3 : Suppose E has the condition D2. Then, for all p, there exists a q > p such that for all k > q
lim
n→∞
dn (Uq, Up)
dn (Uk, Uq)
= 0 ⇔ ∃M > 0 ∀n ∈ N dn (Uq, Up)
dn (Uk, Uq)
≤M
⇔ ∃M > 0 ∀n ∈ N εn (p, q) ≥ − lnM + εn (q, k)
⇔ lim sup
n∈N
εn (q, k)
εn (p, q)
≤ 1.
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Hence we obtain for all p, there exists a q > p such that
sup
l≥q
lim sup
n∈N
εn (q, l)
εn (p, q)
≤ 1.

As an easy consequence of Proposition 4.5, we obtain the following result which gives a relation between
having prominent subset and approximate diametral dimension of a nuclear Fre´chet space with the
properties DN and Ω:
Corollary 4.7. Let E be a nuclear Fre´chet space with the properties DN and Ω and ε the associated
exponent sequence. δ (E) = δ (Λ1 (ε)) implies that E has a prominent bounded subset.
The following theorem is the main result of this section which shows that Question 1.1 holds true provided
E has a prominent bounded subset:
Theorem 4.8. Let E be a nuclear Fre´chet space with the properties DN and Ω and ε the associated
exponent sequence . E has a prominent bounded set and ∆ (E) = Λ1 (ε) if and only if δ (E) = δ (Λ1 (ε)).
Proof. Let E be a nuclear Fre´chet space with a prominent bounded subset B. Then E satisfies condition
D2:
∀p ∃q ≥ p+ 1 ∀k ≥ q + 1 ∃C > 0 lim
n→∞
dn (Uq, Up)
dn (Uk, Uq)
= 0
and, in particular, if we take N = p, M = n = q and m = k, we get
∀N ∃ M,n ∀m, ∃ S > 0 : dn (Un, UN ) ≤ Sdn (Um, UM ) ∀n ∈ N.
which means that E satisfy the condition (wQ) given in Theorem 2.1 and so ∆ (E) is barrelled with
respect to the canonical topology. Hence the result follows from Theorem 4.2.
In the final part of this section we examine the conditions for which the converse of Corollary 4.7 also
holds.
Now define
(E) :=
{
(tn)n∈N : ∀p, ∀0 < ε < 1, ∃q > p limn→+∞ tndn (Uq, Up)
ε
= 0
}
.
Our following result provide a condition that requires δ (E) = δ (Λ1 (ε)) when E has a prominent subset.
Proposition 4.9. Let E be a nuclear Fre´chet space with the properties DN and Ω, its associated exponent
sequence ε = (εn)n∈N. If E has a prominent bounded subset B and ∆ (E) = (E), then δ (E) =
δ (Λ1 (ε)).
Proof. Since B is prominent bounded subset of E, for all p ∈ N, there exists a q > p and a C > 0 so that
for every n ∈ N
dn (Uq, Up) ≤ Cdn (B,Uq)
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holds. Also B is bounded and εn is the associated exponent sequence, then there exist C1, C2, D1, D2 > 0
and a1, a2 > 0 satisfying
D1e
−a1εn ≤ C1dn (Uq, Up) ≤ dn (B,Uq) ≤ C2dn (Uq+1, Uq) ≤ D2e−a2εn
for every n ∈ N. On the other hand, ∆ (E) =
{
(xn)n∈N : ∀p limn→+∞ |xn| dn (B,Up) = 0
}
is a Fre´chet
space since B is a prominent set. Fix p, q > p and ε. Then,
Bp,ε,q =
{
t = (tn)n∈N : limn→+∞ |tn| dn (Uq, Up)
ε
= 0
}
is a Banach space. Since Uq+1 ⊆ Uq, we have dn (Uq+1, Up) ≤ dn (Uq, Up) for every n ∈ N and Bp,ε,q ⊆
Bp,ε,q+1. Then we can put the topology on (E) which is the projective limit of inductive limits of
Banach spaces Bp,ε,q, namely, (E) =
⋂
(p,ε)
⋃
q>p
Bp,ε,q. In view of Grothendieck Factorization theorem
([12], p.225), for all p, 0 < ε < 1 there exists a q > p such that ∆ (E) ↪→ Bp,ε,q is continous which means
that
∀p, 0 < ε < 1, ∃q > p, C > 0 dn (Uq, Up)ε ≤ dn (B,Uq) ∀n ∈ N.
Now take δ > 0. Then, for a given p, we choose 0 < ε < 1 so that 0 < ε <
δ
a1
. Then there exists a C > 0
so that for all n ∈ N,
Ce−εa1εn ≤ Cdn (B,Up)ε ≤ dn (Uq, Up)ε ⇔ Ce−δεn ≤ dn (Uq, Up)ε ≤ Cdn (B,Uq)
⇔ lnC − δεn ≤ lnC + ln dn (B,Uq) ≤ lnC + ln dn (Ul, Uq)
⇒ − ln dn (Ul, Uq) ≤
(
lnC − lnC)+ δεn
⇒ lim sup
n
εn (q, l)
εn
≤ δ.
But then we obtain that for all δ > 0 there is a q so that
sup
l>q
lim sup
n
εn (q, l)
εn
≤ δ and inf
q
sup
l>q
lim sup
n
εn (q, l)
εn
= 0,
which means that δ (E) = δ (Λ1 (ε)).
Note that (E) is always an algebra under multiplication. If (tn)n∈N ∈ (E), then for all p, 0 < ε < 1,
we can choose q > p so that
lim
n→∞ tndn (Uq, Up)
ε
2 = 0,
which means
(
t2n
) ∈ (E). Then for any (tn)n∈N , (sn)n∈N ∈ (E), we have that (tnsn)n∈N ∈ (E) as
|tnsn| ≤ |tn|
2
2
+
|sn|2
2
for all n ∈ N.
But ∆(E) need not to be an algebra under multiplication. If it does, then ∆ (E) satisfies the condition
”(tn) ∈ ∆ (E) implies
(
t2n
) ∈ ∆ (E)”, vice versa. This condition gives that (t2mn ) ∈ ∆ (E) for all m ∈ N.
Now, for a p and ε > 0, we can choose m ∈ N so large that 1
2m
≤ ε and find a q so that
lim
n→∞ t
2m
n dn (Uq, Up) = 0 and lim
n→∞ tndn (Uq, Up)
ε
= 0
which gives that ∆ (E) ⊆ (E). Since (E) ⊆ ∆ (E) always holds, we have (E) = ∆ (E). Hence we
conclude that the followings are equivalent:
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1. ∆ (E) = (E)
2. ∆ (E) is an algebra under multiplication.
3. (tn) ∈ ∆ (E) implies
(
t2n
) ∈ ∆ (E).
We end this paper with the following result which is a generalization of Proposition 4.9:
Corollary 4.10. Let E be a nuclaer Fre´chet space with the properties DN and Ω, its associated exponent
sequence ε = (εn)n∈N. E has a prominent bounded subset and ∆ (E) is an algebra if and only if δ (X) =
δ (Λ1 (ε)).
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